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Unique Cartan decomposition for Hi factors 
arising from arbitrary actions of hyperbolic groups 

BY SORIN POP^ll AND STEFAAN VAE^| 
Abstract 

We prove that for any free ergodic probability measure preserving action T r\ (X, fi) of a 
non-elementary hyperbolic group, or a lattice in a rank one simple Lie group, the associated 
group measure space Hi factor L°°(X) x T has L°°(X) as its unique Cartan subalgebra, up 
to unitary conjugacy. 



o 

?— ( ; 1 Introduction and main results 

^ ■ 

A Cartan subalgebra A in a (separable) Hi factor M is a maximal abelian *-subalgebra A C M 
with normalizer Nm{A) = {u G U{A) \ uAu* = A} generating M. Its presence amounts to 
realizing M as a generalized (twisted) version of the group measure space construction, for 
■ a measure preserving ergodic countable equivalence relation 1Z on a probability space X and 

a 2-cocycle v for 1Z. Showing uniqueness (up to conjugacy by an automorphism) of Cartan 
subalgebras is important, because the classification of factors M satisfying this property reduces 
to the classification of the associated pairs (7Z,v) QFM75] ). In particular, the classification of 
group measure space factors M = L°°(X) x T with unique Cartan subalgebras, reduces to 
the classification up to orbit equivalence of the corresponding free ergodic probability measure 
preserving (pmp) actions T rx X. 

It has been known since [CFW81] that any two Cartan subalgebras of the hyperfinite Hi factor 
R are conjugated by an automorphism, and thus any 2-cocycle of any free ergodic pmp action of 
an amenable group vanishes (untwists) and any two ergodic actions of any two amenable groups 
are orbit equivalent. While in the the nonamenable case examples of group measure space 
factors with two distinct Cartan subalgebras were already constructed in |CJ81j . uniqueness 
results started to emerge in jPoOlj . where it was shown that all Cartan subalgebras A C M 
that satisfy a certain rigidity property in a factor of the form L°°(A) xi F ra , with F n being 
the free group on 2 < n < oo generators, is unitarily conjugate to L°°(X). This led to the 
conjecture that such a property could hold without any condition on the Cartan subalgebra. 
Further supporting evidence came with the work in [OP07 , where it was shown that group 
measure space factors arising from profinite actions of F n have unique Cartan decomposition. 

We solved this conjecture in [PVllj . where we actually found a large class of groups T, con- 
taining F n , with the property that the Hi factor L°°(X) xi T associated with an arbitrary free 
ergodic pmp action T r\ (X,^) has L°°(A) as its unique Cartan subalgebra up to unitary 
conjugacy, i.e. T is C-rigid, in the sense of [PV114 Definition 1.4]. More precisely, we showed 
in |PV1H Theorem 1.2] that all weakly amenable groups that admit a proper 1-cocycle into 
a nonamenable representation are C-rigid. To prove this result, we first showed in |PV1H 
Theorem 5.1] (by only using the weak amenability of T!) that the normalizer of any Cartan 
subalgebra A C L°°(A) Xi T has a special almost invariance property, that can be viewed as a 
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relative version (w.r.t. L°°(X)) of the notion of weak compactness in [OP07, Definition 3.1]. 
The second part of the proof consisted in applying to this relative weak compactness the mal- 
leable deformation associated in [SilO] with a 1-cocycle into an orthogonal representation of T. 
As such, we derived that if A is not unitarily conjugate to L°°(X) then its normalizer generates 
an amenable subalgebra (thus contradicting the regularity of A). 

The degree of generality of the results in [PVllj was thus limited by the assumption that T 
admits a proper 1-cocycle into a nonamenable orthogonal representation n on K^, i.e., of a 
proper map c : T — > satisfying c(gh) = c(g) + r] g c(h) for all g,h £ T. 

In the particular case of profinite actions, this type of limitation had already been circumvented 
in [CSllj under the weaker assumption that the group T belongs to their class Qrl rcg , requiring 
that r has an orthogonal representation 77 on that is weakly contained in the left regular 
representation and that merely admits a proper map c : V — > coarsely satisfying the 1- 
cocycle relation, i.e. sup fcgr \\n g c(k) — c(gkh)\\ < 00, V<?, h £ T. Thus, it is shown in [CSllj 
that for all profinite free ergodic pmp actions of all weakly amenable, nonamenable groups in 
the class Qrl rcg , the crossed product has a unique Cartan subalgebra up to unitary conjugacy. 
This result was then extended in [CSU11] to cover as well products of weakly amenable groups 
in Q7i rcs . 

As we will later explain, the class of exact groups in Qrl rcs coincides with the class of bi-exact 
groups in the sense of [Oz03j (see Definition 12.31 and Proposition 12.71 below). In this paper, 
which should be viewed as a follow-up to |PV11] . we show that weakly amenable, nonamenable, 
bi-exact groups are in fact C-rigid, i.e., all their group measure space factors have unique Cartan 
subalgebra. To prove this result, we first use the relative weak compactness property (which 
was obtained in |PVllt Theorem 5.1] from the weak amenability assumption) and then apply 
the bi-exactness property, by using an argument inspired by the proof of [BO08, Theorem 
15.1.5]. More precisely, we obtain the following general result. 

Theorem 1.1. Let T be a weakly amenable, nonamenable, bi-exact group, or let T be a direct 
product of 1 < n < 00 such groups. IfTrx (X, /j) is an arbitrary free ergodic pmp action, then 
L°°(X) is the unique Cartan subalgebra ofL°°(X) x T, up to unitary conjugacy. 

In particular, all of the following groups are C-rigid. 

1. non- elementary hyperbolic groups, 

2. lattices in a connected noncompact rank one simple Lie group with finite center, 

3. limit groups in the sense of Sela, 

4- direct products of 1 < n < 00 groups as in 1, 2 and 3. 

One should point out that, although in our proof of Theorem 11.11 we use an approach based 
on bi-exactness rather than the QH ICS property, we owe much to ideas in [CSllj. on how to go 
beyond groups admitting proper 1-cocycles. In fact, in a first version of this paper we gave a 
proof of Theorem 11.11 using the methods of |CS11] , before we found the present much simpler 
and direct argument. 

Recall from [PV11, Definition 1.4] the following definition. 

Definition 1.2. We say that a countable group T is C-rigid (Cartan-rigid) if for every free 
ergodic pmp action T rx (X, /j), the Hi factor L°°(X) xi T has L°°(X) as its unique Cartan 
subalgebra up to unitary conjugacy. 
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In view of [OP071 Proposition 4.12], we say that a countable group T is C s -rigid if for every free 
ergodic pmp action T rx (X,fi), the Hi factor M = L°°(X) xi V has the following property : 
every maximal abelian subalgebra A C M whose normalizer Mm{A)" is a finite index subfactor 
of M, is unitarily conjugate to L°°(X). 

The groups T in Theorem 11,11 are in fact C s -rigid. Moreover the same holds for all groups that 
are measure equivalent with T (see Definition 12. 5|) , 

Theorem 1.3. The following groups are C-rigid and C s -rigid : 

1. groups that are measure equivalent to a direct product of 1 < n < oo weakly amenable, 
nonamenable, bi-exact groups, 

2. countable closed subgroups V of a direct product G = G\ x . . . x G n of connected noncompact 
rank one simple Lie groups Gi with finite center, such that the image of V in Gi has a 
nonamenable closure for all 1 < i < n. 

Following [OP07J, a finite von Neumann algebra M is called strongly solid if the normalizer of 
any diffuse amenable subalgebra of M is still amenable. It is shown in [QP07] that the free 
group factors LF n are strongly solid. As explained above, it was proven in [CSllJ that in fact 
the group von Neumann algebras LP of all hyperbolic groups V are strongly solid. Crossed 
products B xi V are typically not strongly solid, but we establish the following relative strong 
solidity property: for weakly amenable, bi-exact groups T, we prove the dichotomy that if a 
subalgebra A of a crossed product B xi V is amenable relative to B, then either A embeds into 
B (in the sense of intertwining- by-bimodules, see Definition 12. ip . or A has a normalizer that 
remains amenable relative to B. 

Theorem 1.4. Let T be a weakly amenable, bi-exact group and let V r\ (B,t) be an arbitrary 
trace preserving action on the tracial von Neumann algebra (B,t). Put M = B xi T. 

If q 6 M is a projection and A C qMq is a von Neumann subalgebra that is amenable relative 
to B, then M q Mq{A)" remains amenable relative to B, or A -<m B. 

Both Theorem 11.11 and 11.41 will be deduced in Section [J] from our more technical Theorem 13. 1| 
also yielding the following new class of tensor product Hi factors without Cartan subalgebras, 
improving |OP07t Corollary 2]. 

Theorem 1.5. Let T be a nonamenable, ice, weakly amenable, bi-exact group and let N be an 
arbitrary II\ factor. Then N (8) IT has no Cartan subalgebra. 

A statement similar to 11.41 holds for direct product groups and goes as follows. We use the 
strong intertwining notation -<* that is introduced in Definition 12.11 below. 

Theorem 1.6. Let V = T\ x • • • x T n be the direct product of n > 1 weakly amenable, bi-exact 
groups T{. Let T r\ (B,t) be an arbitrary trace preserving action on the tracial von Neumann 
algebra (B,t). Put M = B xi T. Let A C qMq be a von Neumann subalgebra that is amenable 
relative to B and put P := N q Mq{A)" . 

Then there exist projections po,...,p n 6 Z(P), some of which might be zero, such that 
Po V • • • V p n = q and 

• Ppo is amenable relative to B, 
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• for every i = 1, . . . ,?i we have Api ~*nj^ i3 xi Tj where is i/ie direct product of all Yj, 
3 ± i- 

Note that results of the same type as Theorems I IA\ resp, 11.61 were established in |CS11| . resp. 
[CSUll]. under the additional assumption that A C qMq is a weakly compact embedding and 
that A and B are amenable von Neumann algebras. 

Since for C-rigid groups T, the classification of group measure space factors L°°(X) xT reduces to 
the classification of the associated free ergodic pmp actions T rx (X, jj) up to orbit equivalence 
(OE), Theorem 11.11 can be combined with existing OE rigidity results, in particular with the 
work of [MS02] on OE rigidity for direct products of hyperbolic groups. This leads to the 
following result. We refer to Section [6] for terminology and to |PVlll Section 12] for further 
applications in W*-superrigidity. 

Theorem 1.7. Let V = Ti x T2 be the direct product of two non- elementary hyperbolic groups. 
Assume that T rx (X, /j) is a free ergodic pmp action that is aperiodic and irreducible. 

If\j°°(X) xi r = L°°(y) x A for any free mildly mixing pmp action A rx (Y, rf), then T = A and 
the actions T rx X and A rx Y are conjugate. 

2 Preliminaries 

Throughout this article we call tracial von Neumann algebra (M,t), any von Neumann algebra 
M equipped with a faithful normal tracial state r. 

2.1 Intertwining by bimodules 

We recall from [PoOB, Theorem 2.1 and Corollary 2.3] the theory of intertwining-by-bimodules, 
summarized in the following definition. 

Definition 2.1. Let (M, r) be a tracial von Neumann algebra and P, Q C M possibly non- 
unital von Neumann subalgebras. We write P -<m Q when one of the following equivalent 
conditions is satisfied. 

• There exist projections p G P, q G Q, a normal *-homomorphism (p : pPp — > qQq and a 
nonzero partial isometry v G pMq such that xv = v(p(x) for all x G pPp. 

• It is impossible to find a net of unitaries u n G U{P) satisfying \\EQ(xu n y*)\\2 — > for all 
x,y G 1qM1 p . 

We write P < M Q if Pp Q for every projection p£?'n lpMlp. 

2.2 Jones' basic construction 

Let (M, t) be a tracial von Neumann algebra and B C M a von Neumann subalgebra. Jones' 
basic construction (M, ep) is defined as the von Neumann algebra acting on L 2 (M) generated 
by M and the orthogonal projection e# of L 2 (M) onto L 2 (£>). Recall that (M, cb) coincides 
with the commutant of the right i?-action on L 2 (M). 
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2.3 Relative amenability 



Recall that a functional Q on a von Neumann algebra J\f with subalgebra P C N is called 
P-central if U(xS) = fi(Sx) for all x G P, 5 G A/". 

Let (M, t) be a tracial von Neumann algebra, p G M a projection and P C pMp, B C M von 
Neumann subalgebras. Following [OP071 Section 2.2] we say that P is amenable relative to B 
if the von Neumann algebra p{M, eB)p admits a P-central positive functional whose restriction 
to pMp coincides with r. We need the following variant of [PVllt Corollary 2.6]. 

Lemma 2.2. Let (M,t) be a tracial von Neumann algebra. Assume that P\ C P2 C M and 
Q C M are von Neumann subalgebras such that P\ C P2 is a finite index subfactor. 

If pi G P[ R M is a nonzero projection such that P\p\ is amenable relative to Q and if P2 
denotes the smallest projection in P^CiM that dominates p\, then P2P2 is amenable relative to 
Q. 

Proof. Take a Pimsner-Popa basis (sec [PP84, Proposition 1.3]) for the finite index subfactor 
Pi C P2 : we find elements v%,...,v n G P2 and a projection q G M n (C) <g> Pi such that the 
map U : q(C n <g) L 2 (Pi)) ->■ L 2 (P 2 ) : U(q(ei <g> x)) = ViX for all i = l,...,n, x G Pi, is a 
unitary operator. Define the normal *-homomorphism (p : P2 — > q(M n (C) P\)q such that 
U(ip(x)£) = xU(£) for all x G P 2 and £ G q{C n ® L 2 (Pi)). Defining V G Mi >n (C) (g) P 2 given by 
V = X^iLi e i« ® u i> we that xV = V<p(x) for all x G P2. 

Write T := X^=i v iPi v i ■ A direct computation shows that T is a positive element in P2 n M. 
The support projection of T equals the projection onto the closed linear span of {vip\x \ i = 
1, . . . ,n, x G M}. Since p\ commutes with Pi and since the linear span of ViP\ equals P2, it 
follows that the support projection of T equals the projection onto the closed linear span of 
P2P1M. Thus, the support projection of T equals p2- 

Since Pipi is amenable relative to Q, we get a Pipi-central positive functional Oi on p±(M, e.Q)P\ 
such that Qi(x) = t{x) for all x G p\Mp\. Define the positive functional O2 on P2{M,cq)p2 
given by 

n 

^2(5) = y^iipiVjSvipi) . 

i=l 

A direct computation shows that O2 is P2P2-central. Also, for all x G P2MP2, we have that 
^2(2?) = t(xT). Since T G P'2 fl M and since the support projection of T equals p2, we can 
take a sequence of positive elements T n G P2 n M such that T n T = TT n < P2 and T n T — > P2 
strongly. If we choose the positive functional £1 on p2{M,eq)p2 as a weak*-limit point of the 

1/2 1/2 

sequence of positive functionals S h-> J72(Pn. 5*r n ), it follows that f2 is a P2j>2-central positive 
functional on P2{M,cq)p2 with = t(x) for all x G P2^iVi- Hence, P2P2 is amenable 

relative to Q. □ 

2.4 Bi-exactness and the classes Q"H rcg and S 
Definition 2.3. Let T be a countable group. 

• ( [CH88] ) The group T is called weakly amenable if there exists a sequence of finitely 
supported functions f n : T — > C tending to 1 pointwise and satisfying sup n ||/n||cb < °°- 
Here ||/|| c b is the Herz-Schur norm, i.e. the cb-norm of the linear map L(T) — > L(r) : 
u g H- f(g)u g . 
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• (|BO08, Definition 15.1.2]) The group T is called bi-exact if T is exact and if there exists 
a map fj, : V — > ProbT satisfying 

lim \\n(gkh) - g ■ fj,(k)\\i = for all g, h € V . (2.1) 

k— >oo 

Collecting several results from the literature, we get the following large classes of weakly 
amenable, bi-exact groups. 

Lemma 2.4. The following groups are weakly amenable and bi-exact : 

• (lOz03[ \ Oz07\l ) non- elementary hyperbolic groups, 

• (\CS1 If ) lattices in a connected noncompact rank one simple Lie group with finite center, 

• (\Oz0h\ \Ozl0j ) limit groups in the sense of Sela. 

Finally, by \Sa09\[Ozl(^ . the family of weakly amenable, bi-exact groups is stable under measure 
equivalence and under the passage to measure equivalence subgroups (see Definition \2.5\) . 

Before proving Lemma 12.4^ recall from [Oz04, Section 4] that the class S is defined as the 
class of countable groups V for which the action of V x V by left right multiplication on the 
Stone-Cech remainder d^(T) of T is topologically amenable. By BOON Proposition 15.2.3], a 
countable group T belongs to the class S if and only if T admits a compactification rcl such 
that 

• the left multiplication action of T extends to an action of T by homeomorphisms of X 
that is topologically amenable; 

• the right multiplication action of T extends to an action of T by homeomorphisms of X 
that are equal to the identity on X — T. 

By [BO08, Proposition 15.2.3], a countable group T belongs to the class S if and only if T is 
bi-exact in the sense of Definition 12.31 

Definition 2.5. A countable group T is called a measure equivalence subgroup of a countable 
group A if r x A admits a measure preserving action on a, typically infinite, standard measure 
space (fi, m) such that both the actions rr\fi and A afi are free and admit a fundamental 
domain, with the fundamental domain of A r\ Q having finite measure. 

If the action r x A rx 0, can be chosen in such a way that also the fundamental domain of 
r rx £1 has finite measure, the groups T and A are called measure equivalent. 

Proof of Lemma \2.4\ As explained above, by [BO08, Proposition 15.2.3], the class S equals the 
class of bi-exact groups. 

The action of a word hyperbolic group on its Gromov boundary is topologically amenable (see 
e.g. [BO08, Theorem 5.3.15]) and hence all hyperbolic groups belong to the class S. By [Oz05, 
Proposition 12] also groups that are hyperbolic relative to a family of amenable subgroups 
belong to the class S. Since by [Da02, Theorem 0.3], Sela's limit groups are hyperbolic relative 
to a family of cyclic subgroups, they belong to class S. By [Sa091 Theorem 3.1], the class S is 
stable under the passage to ME-subgroups, and in particular under measure equivalence. Since 
a lattice T in a connected noncompact rank one simple Lie group with finite center is measure 
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equivalent with a cocompact lattice A in the same Lie group, and since such a A is hyperbolic 
and therefore belongs to class 5, also T belongs to class S. 

From [CH88] we know that lattices in connected noncompact rank one simple Lie groups with 
finite center, are weakly amenable. By [Oz07] hyperbolic groups are weakly amenable. The 
following argument of [Qzl2] shows that Sela's limit groups T are weakly amenable. The group 
T is a subgroup of an ultraproduct of free groups. Since all free groups are a subgroup of 
SL(2,Z), we can view T as a subgroup of SL(2,Z) W , for some free ultrafilter u on N. Denoting 
by K the ultrapower field K := Q w , we see that T < SL(2,K). In |GHW04l Theorem 4] it is 
shown that all countable subgroups of SL(2, K) have the Haagerup approximation property. 
The same argument actually shows that they are as well weakly amenable. 

Finally, it was proven in |Ozl0l End of Section 2] that weak amenability is stable under the 
passage to ME-subgroups. □ 

When Q is a family of subgroups of T, a subset T C T is said to be small relative to Q if T 
is contained in the union of finitely many subsets of the form gT,h with g,h G T and £ G Q. 
We always tacitly assume that Q contains the trivial subgroup {e}, so that finite subsets of T 
always are small relative to Q. When K is a normed space and / : T — > K, we say that 

• lim f(k) = if for every e > 0, the set {k G T \ \\f(k)\\ > e} is small relative to Q ; 



• / : r — )■ K is proper relative to Q, if for every k > the set {k G T | ||/(fc)|| < k} is small 
relative to Q. 

We denote by ProbT the set of probability measures on a (countable) group V. We identify 
ProbT with the natural convex subset of ^ 1 (r) and use the 1-norm on ^ 1 (r). If g G T and 
/i G ProbT, we denote by g ■ \x the left translation of /j, by g. 

Definition 2.6 ([BO08, Definition 15.1.2]). A countable group T with a family of subgroups 
Q is said to be bi- exact relative to Q if T is exact and if there exists a map \i : T — > ProbT such 
that 



By definition, a group is bi-exact if and only if it is bi-exact relative to {{e}}. 

As observed by Ozawa, a group is bi-exact if and only if it is exact and belongs to the class 
QH iag of [CSllj . We actually have the following more general result, parts of which were 
already proven in |CS1H I^SUll] . For the sake of completeness, we give a detailed proof, using 
the methods of [BO08, Chapter 15]. Note however that we do not use this result in the rest of 
the paper. 

Proposition 2.7. Let Y be a countable group and Q a family of subgroups ofT with {e} G Q. 
The following statements are equivalent. 

1. There exists a map fi : T — > ProbT satisfying ()2.2[) in Definition \2.6l 

2. There exist a map c : T — > ^jg(T) that is proper relative to Q and that satisfies 



k—>oo/G 



k—XX>/G 



lim \\fi(gkh) — g ■ fi(k)\\i = for all g,h G T . 



(2.2) 



sup \\c(gkh) — X g c(k)\\2 < oo for all g,h G T . 
feer 



(2.3) 
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3. There exists an orthogonal representation r] : Y — > O(K^) that is weakly contained in the 
regular representation and a map c : T — > that is proper relative to Q and satisfies 

sup \\c(gkh) — r/ s c(A;)|| < oo for all g,h 6 T . (2.4) 
fcer 

In particular, V is bi-exact relative to Q if and only if T is exact and V satisfies the above 
equivalent conditions. 

Note that the class QT-L TCg of |CS11] is defined as the class of groups F that satisfy [3] w.r.t. 
Q = {{e}}. So, we indeed have that S = QH rcs , n {exact}. 

Proof, rj ^ El Assume that p : T -> ProbT satisfies ([22]). Define C : r -»• ^( r ) g iven b y 
C{k) := p(k) 1 / 2 . Note that \\((k)\\ 2 = 1 for all A; G T and that 

lim \\C(gkh) - \ g ((k)\\ 2 < lim \\fi(gkh) - g • p(k)\\{ /2 = for all g, h G T . (2.5) 

k—too/G k—^oo/Q 

Let {e} = Eq C E\ C E 2 C • • • be finite subsets of T such that E~ l = E n for all n and 
(J^Lo = r. Inductively define the subsets F n C T given by Fq = {e} and, for all n > 1, 

F n := E n F n ^E n U [j {k € T \ \\C(gkh) - \ g ((k)\\ 2 > ^} . 



By construction, the sets -F n are small relative to Q. Also, the subsets F n are increasing and 
their union equals T, because E n C F n . So we can uniquely define the map 



c : r -»• 4(T) : c(fc) 



if G Fi , 

n C(^) if n > 1 and fc G F n+ \ — F n . 



Whenever k G T — F n , we have ||c(fe)||2 > n. So, c is proper relative to Q. We prove that c 
satisfies (|2.3p . So fix g, h G T. Take m > 1 such that g,h £ E m . It suffices to prove that 

||c(0fc/i) - A ff c(fe)|| 2 < 2m forallfcGr. (2.6) 

We first prove (|2.6|) if G T — F m . So, k G -F n +i — for some n > m. Hence c(k) = n((k). 
Since g, h G i? m C E n = E~ , we also get that g/c/i G F n+ 2 — F„_i. So c(gkh) can be n + 1 
times, or n times, or n — 1 times C(^)- I n an cases \\c{gkh) — nQ{gkh)\\ 2 < 1. Since k ^ F n and 
g,h £ E m C £/ n , we have ||C(s&^) — A s £(^)||2 < V n - Multiplying by n, we get that 

\\c(gkh) - X g c(k)\\ 2 < \\c(gkh) -n((gkh)\\ 2 + n \\((gkh) - \ g ((k)\\ 2 < 2 < 2m . 

So (|2.6p is proven for all k G T — F m . If fc G F m , we have ||c(&)||2 < m — 1. Since g,h £ E m , 
we also have g/c/i G -F m +i and hence ||c(gfcft.)||2 < m. Combining both we get that 

\\c(gkh) - A fl c(fc)|| 2 < \\c{gkh)\\ 2 + ||c(fc)|| 2 < 2m - 1 < 2m . 

So (|2,6p is proven and hence [2] holds. 

[2] [3] is trivial by taking 77 to be the regular representation. 

[3]=^[TJ For a finite group T all statements in the proposition are trivially true (and rather silly). 
So we assume that T is a countably infinite group satisfying [3] and we prove that T satisfies 
[TJ Take 77 : V — > O(K^) and c :T — )■ ifjj as in[3j Replacing ETjr by the closed linear span of 



S 



{r] g c(k) | g, k £ T}, we may assume that is separable. Let Co £ be an arbitrary unit 
vector and define 



llc^)!!- 1 ^) ifc(fc)^0 
Co if c(k) = 



By construction ||C(^)|| = 1 for all k 6 T. Since for all nonzero vectors £ and £' in a Hilbert 
space, one has 

M-ew 







11(11 


lien 



< 2^ 



lien ' 

the properness of c relative to Q together with (|2.4|) implies that 

lim ||C(5A;/i) - r]g((k)\\ = for all g,h&T . (2.7) 

k—>oo/Q 

Denote by K the complexification of and still denote by rj : T — >• IA{K) the complexified 
representation. Denote K = X ©£ 2 (r) and r = T x T. Consider the unitary representation rj : 
r — > U(K) given by rj( 9t h) = Vg^^gPh- Since r/ is weakly contained in the regular representation 
of r, we get that rj is weakly contained in the representation (g, h) i->- \ g <8> A 9 p^ that in turn is 
unitarily equivalent with the regular representation of T. So we get a unital *-homomorphism 
8 : C* ed (r) — > B(K) satisfying 6(X S ) = rj s for all s £ T. Since V is an infinite group, C* ed (r) n 
JC(£ 2 (T)) = {0}. So by Voiculescu's theorem (see e.g. pa96, Corollary II. 5. 5]), there exists a 
unitary operator V : £ 2 (T ) © K -> ^ 2 (f) such that 

aV — V(a © 0(a)) is a compact operator for all a 6 C* ed (r) . (2.8) 

For S r, denote by <5fc £ ^ 2 (r) the canonical basis vector. Define 

C' : r -> £ 2 (f ) : C(fc) = ^(0 © (C(Jfe) © <**)) for all fceT. 

By construction ||C'(&)||2 = 1 for all & £ T. We claim that 

lim \\('(gkh- 1 )-(\ g ®\ h )('(k)\\ =0 for all g,h€T. (2.9) 

To prove this claim, fix g, /i £ T. Put 

r := A( M) T/-y(A (9ifc) ©^ (M) ) . 

From ()2.8p . we know that T is a compact operator. If k —> oo/G, certainly k — > oo and hence 
C(k) © 5k tends to weakly. Since T is compact, it follows that 

lim ||T(0©(C(fc)®<y*))||2 = 0. 

k— >oo/G 

This precisely means that 

lim \\(\ g ®\ h )£(k)-V(0®( Vg ak)®5 gkh -i))\\ =0. (2.10) 

k— >oo/Q 



From (IXTD, it follows that 



^J\(VgC(k)0 8 gkh -i) - (((gkh ® 5 gkh -i)\\ = . 
In combination with (|2.10p . we exactly get the claim (|2.9[) . 
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To every unit vector ( £ ^ 2 (r)> we associate the probability measure T(C) G ProbT C £ (T) 
given by 

{T(C))(s) = Y,\C(s,t)\ 2 for all ser. 

ter 

Clearly, T((\ g ®\h)() = 9'T(C) an d, using the Cauchy-Schwarz inequality, ||T(Ci) — '7 — (C2 ) 1 1 1 < 
2||Cl - C2II2 for all unit vectors Ci, C2 £ ^ 2 (F)- Defining /i : T -> ProbT by fi(jfc) = T(C'(*0) for 
all fc £ T, we then get that ()2.9[) implies (|2.2p . So we have proven that [1] holds. □ 

We record the following lemma from [BO08J. 

Lemma 2.8 QBO08, Lemma 15.3.3]). Let ri,...,r n be countable groups with families of 
subgroups Q\, . . . ,Q n . Denote by T = Ti x • • • x T n the direct product group. If every Tj is 
bi- exact relative to Qi, then T is bi- exact relative to 

n 

s = U{ Ax II r ;| AG ^}- 

i=l j^i 

Proof. Clearly T is an exact group. Take maps /Uj : Tj — > ProbTj satisfying ()2.2[) in Definition 
12.61 Then the map 

fj, : T -)■ ProbT : (i(gi, ...,g n ) = m(gi) X ••• x fi n (g n ) 
satisfies the same condition. □ 

3 Key theorem 

We prove the following key theorem from which all other results in the paper will be deduced. 

Theorem 3.1. Let T be a weakly amenable group that is bi-exact relative to a family Q of 
subgroups ofT. Assume that V r% (B,t) is any trace preserving action on an arbitrary tracial 
von Neumann algebra (B, r). Put M = B x T. Let q S M be a projection and A C qMq a von 
Neumann subalgebra that is amenable relative to B. Denote by P = N q Mq(A)" the normalizer 
of A inside qMq. Then at least one of the following statements holds. 

• P is amenable relative to B. 

• There exists nS 6 Q such that A -<m B x S. 

3.1 It suffices to prove Theorem 13.11 for the trivial action 

Proposition 3.2. If Theorem \3 . l\ holds for the trivial action on arbitrary tracial von Neumann 
algebras, then Theorem \3.1\ also holds for arbitrary trace preserving actions. 

Proof. Assume that Theorem 13.11 holds for the trivial action on arbitrary tracial von Neumann 
algebras. Let T rx (B, r) be any trace preserving action. Put M = B x T. Let q £ M be a 
projection and A C qMq a von Neumann subalgebra that is amenable relative to B. Denote 
by P = AfqMq(A)" the normalizer of A inside qMq. 
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Define A4 := M ® Lr which we view as the crossed product of T with the trivial action on M. 
Consider the trace preserving embedding 

A : M ->■ M : A(6u 9 ) = 6u 3 <g> ii 9 for all 6 G B,g G T . 

Put (f = A(g) and „4 := A(A). Denote by V := NqMq{A)" the normalizer of .A inside qAiq. 
Note that A(P) C V. 

As explained in the first paragraphs of the proof of |PV11[ Lemma 4.1], we have that A is 
amenable relative to M ® 1. Since Theorem 13. II holds for the trivial action of V on M, at least 
one of the following statements holds. 

• A(P) is amenable relative to M (g) 1. 

• There exists aEE§ such that A <m M (g) LS. 

If ^4 M (g) LS, it is easy to check that ^4 -<m 5 x E so that the second statement in the 
formulation of Theorem 13.11 holds. 

Next assume that A(P) is amenable relative to M (g) 1. So we have a A(P)-central positive 
functional Q on <f(A4, eM®i)q satisfying (ft o A)^^ = Ti^g. Since Em®\ o A = A o Pg, the 
embedding A : M — > A4 can be extended to an embedding 

f : (M, e B ) -»• (A4, e M ®i) : *(e B ) = ejvfoi and V(x) = A(x) for all x G M . 
It follows that o 

is a P-central positive functional on q(M, gb)(1 satisfying £l\qMq — ^\qMq- 
Hence, P is amenable relative to B and the first statement in the formulation of Theorem 13.11 
holds. □ 

3.2 Setup and notations for the proof of Theorem 13.11 

By Proposition ^. 21 we may assume that T r\ (B, r) is the trivial action. We put M := B® LP. 
For simplicity of notation we assume that q = 1. As in |PV11[ Remark 6.3], this notational 
simplification is only cosmetic and does not hide any essential parts of the argument. 

So we are given a von Neumann subalgebra A C M that is amenable relative to B. We 
denote by P = Nm{A)" its normalizer. Following [PV1H Theorem 5.1], we define iV as the 
von Neumann algebra generated by B and P op on the Hilbert space L 2 (M) ® A L 2 (P). Put 
M := N g) LT and define the tautological embeddings 

vr : M :7r(b0u g ) =b®u g and 9 : P op -»• M : 9(y op ) = y op <g 1 

for all b G B, g G T and y G P. Note that tt(M) and 9(P° V ) commute and that together they 
generate M. 

By [PV11, Theorem 5.1] we find a net of normal states uo n G A/"* satisfying the following 
properties. 

• oj n (it(x)) — > t(x) for all x G M, 

• u) n (w(a)6(a)) -)• 1 for all a G W(^4), 

• \\u n o Ad(7r(ii)0(u)) — a; n || — > for all u G Mm(A). 
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We fix a standard Hilbert space H for N and we always view iV as acting on H. This standard 
Hilbert space comes with the canonical anti-unitary involution J. Being the tensor product of 
iV and L(r), the von Neumann algebra Af is standardly represented on H := H £5 ^ 2 (r) by the 
formula 

[x (g> u g ) ■ (£ ® 5 h ) = x£®5 gh for all x G N , g, h G T , £ G H . 

The corresponding anti- unitary involution J : % — > H is given by J7"(£ <8> $ g ) = J£ <8> So 
the von Neumann algebras tt(M), Jn(M)J, <9(P op ) and J9(P op )J all act on % and mutually 
commute. 

Denote by £ n G % the canonical positive unit vectors that implement the normal states u n on 
N . Whenever u G A/m(A) it follows from |Ta03[ Theorem IX. 1.2. (hi)] that the vector 

7T(U)0(S) jTT(u)0(u)J£ n 

is the canonical positive vector that implements w n o Ad(7r(u*)#(u op )). Using the Powers- 
St0rmer inequality (see e.g. {Ta03l Theorem IX.1.2.(iv)]), the properties of (uj n ) can now be 
rewritten as follows in terms of the net (£ n )- 

(t(x)Cti, Cn> = w„(7r(a0) -> t(x) for all x G M , (3.1) 
||7r(a)0(o)f„ - Cn|| -»• for all a G , (3.2) 

||vr(n) 9{u) Jir(u) 9{u)J^ n - f n || -> for all « G A/"m(A) . (3.3) 

Since V is bi-exact relative to Q, Dehnition 12.61 provides a map fx : T — >■ ProbT such that 

lim ||/x(gfc/i) — 5 • = for all g, h G V . 

k—^oo/g 

Define ( : r -»■ ^ 2 (r) : f(fc) = fi(k) 1 / 2 . Note that 
[|C(fc)|| 2 = 1 for ah A; G T and lim \\C{gkh~ l ) - X g C{k)\\ 2 = for all <?, h G T . (3.4) 

Define the isometry 

v : e 2 (r) ^ 2 (r) ® ^ 2 (r) : = ® J* for ail fc g r . 

We denote by S the directed set of subsets of T that are small relative to Q. For every subset 
T C T, we denote by Pj the orthogonal projection of £ 2 (T) onto £ 2 (F). Then (|3.4p can be 
rewritten as 

lim || ((X g (g> A 9 p fe )F - VA fl p ft ) P r -^ || = for all g, h G T . 

The representation (g, h) h-> X g ®X g ph of TxT is unitarily conjugate to the regular representation 
(#, ft) i->- A 9 <g) Aft through the unitary U G U(£ 2 (T) ® ^ 2 (r)) given by [7(4 <8> <5 r ) = 4 ® 5 r -i fc . 
We define the isometry 

: £ 2 (T) -»• £ 2 (r) ® £ 2 (r) : TU = E/V . 

We then get 

lim || ((A 9 &> A ft )W - WA ff p h ) P r -^ || = for all g, h G T . (3.5) 

Define the weakly dense *-subalgebra Mq C M given by Mq = B <g> a i g CT. Then define the 
unital *-algebras 

V := M ® a ig M op Oai g P op O alg P with *-subalgebra V = Mq ® a i g K" ®ai g P° p ®ai g P ■ 
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Define the unique *-homomorphisms 

f : V -> B(H ®£ 2 (T) <8 ^ 2 (r)) and 9 : £> ->• B(# ® £ 2 (r)) 

that are separately normal in each of the tensor factors of V = M <g) a i g M op <8 a i g P op <8 a i g P and 
that satisfy 

® u g ) ®(c® u h ) op ®y op ®z)=b Jc*J y op JzJ ® A 9 ® A h -i , 

e((^« s )®(c®%) op ®t( op ®z)=f(()®« 9 ) Jtt( c u h yj e{y op ) je(z)j , 

for all b,c € B, g,h £ T, and y,z £ P. Note that for a better understanding of the defining 
formulae of \P and 0, one should identify P with (P op ) op . Also note that by the definition of 
7r and iJ, we have 

8((6 <8 u ff ) (8) (c (8) u fe ) op ®y op ®z)=b Jc*J y op JzJ (8 X g p h -i , 
for all 6, c G B, g,h G T, and y, z £ P. By linearity, (I3.5p thus implies that 

lim || (*(5)(1 <8 W) - (1 ® W)e(5)) (1 (8 Pv-t) \\ = for all S £ V . (3.6) 
Since W is an isometry, we get in particular that 

lim sup II 9(5) (1(8 Pt-jf) II < \\V(S) || for all S £ V . (3.7) 
.Fes 

It is important to note that (|3.6p and (|3.7p only hold for S £ Vq and not necessarily for all 
S £ V. 

3.3 The proof of Theorem 13.11 splits up in two cases 

We get the following dichotomy in terms of the net of unit vectors (£ n ) in H (8 ^ 2 (r) that we 
introduced in the previous section. 

Case 1. For every subset J- C T that is small relative to Q, we have 

lim ||(1 ® Pr)£ n || = 0. 

n 

Case 2. There exists a subset JcT that is small relative to Q and that satisfies 

limsup ||(1 ® Pr)£„ || > . 

n 

3.4 Proof of Theorem 13.11 in case 1 

Choose a (typically non-normal) state Qi on B(H ®£ 2 (F)) as a weak* limit point of the net of 
states S i y (S^ n ,^ n ). From (|3.ip and (|3.3p . we get that 

fi 1 ( 7 r(z)) = t{x) and |fii(S7r(x))| < \\S\\ \\x\\ 2 for all x £ M, S £ B{H £ 2 (F)) , (3.8) 
Oi(e(«®tt®M®jj)) = l for all u G Mm {A) . (3.9) 

Since by assumption lim n ||(1 (8 P^^H = for all subsets JcT that are small relative to Q, 
we also get that 
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for all S G B(H ® £ 2 (T)) and all subsets JcT that are small relative to Q. In combination 
with (13.71). it follows that 



|ni(9(5))| =limsup|fii(0(5)(l® JV-^))| < Hmsup ||e(5)(l ® Pt-t)\\ 

< ||*(5)|| for all S G £> • (3.10) 
The main point of the proof will now be to prove the existence of k > such that 

|fii(6(5))| < k 2 \\V(S)\\ for all Sg V. (3.11) 

Since V is weakly amenable, choose a sequence of finitely supported Herz-Schur multipliers 
fi : r — >■ C such that — )• 1 pointwise and limsupj ||/j|| c b = « < oo. Denote by m^ : Lr — > LT 
the normal completely bounded maps given by mi(u g ) = fi(g)u g for all g G T. We define the 
corresponding normal completely bounded maps ipi : M — >■ M and : M op —> M op given by 



ipi(b ® Ug) = fi(g)(b ® u g ) and <#(b ® u ff ) = fi(g)b ® % 
for all 6 G -B and g G T. 

Observe that for all x G M, we have linij ||x — <^j(x)||2 = and linij ||x op — ifi(x op )\\2 = 0. Since 
the functions fi are finitely supported, we also note that for all S G V, we have 

(tpi ® fa ® id (8) id) (5) G £> • 

We claim that for all xi, X2 G M and all y, z G P, we have 

limfti(0((^(xi)®<^(x° p )®y op ®z)) = 0i(8(xi ® x°; P ® y op ® z)) . (3.12) 

To prove this claim, note that (|3.8p implies that 

0i(9((^(xi) - xi) (8) ^(x° p ) (8 y op ® z)) 

<limsup 0(1 <8> ^j(x2 P ) (8 y op ® z) ||^j(xi) — a?i[|2 



lim sup 

i 



<limsup ||^j(x 2 p )|| ||y|| ||z|| ||</?i(xi) - x\\ 
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< k \\x2W ||y|| ||z|| limsup ||</?j(xi) — X1H2 = . 

i 

One similarly proves that 

Hm0i(e(xi8) (^(x^) -x 2 )®y op ®z)) = . 

Summing up both, the claim (|3.12p follows. By linearity, we get that 

Oi(G(S)) =limni(e((pi®ft®id®id)(S))) for all 5 G £> . (3.13) 

We are now ready to prove (|3.1ip . Observe that \I/(X>) C B(P) ® Lr ® Lr and that 
® & ® id® id) (5)) = (id® m^ m*) (*(£?)) for all SeV. 
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In combination with (|3.13p and (|3.1Up . we get for all 5 E T> that 

|fi 1 (9(5))| = ]imsup|fii(e((p«® & ®id®id)(5)))| 

i 

< limsup||*((^i ® Pi® id ® id) (S)) \\ 

i 

= h^ sup|| (id ®mj®rm,) (#(£)) || 

i 

< limsup ||mi||2 b ||*(5)|| < k 2 \\V(S)\\ . 

i 

So, (|3.1ip is proven. 

Define the unital C*-algebra Q C B(H ® £ 2 (T) ® ^ 2 (r)) as the norm closure of \£(£>). Because 
of ([3. lip , there is a unique continuous functional E Q* such that J^O^O^)) = ^i(©(5')) for 
all S £ T>. Since f?i is positive, it follows that for all S E T>, 

n 2 (y(syy(s)) = n 2 (^{s*s)) = n 1 (Q{s*s)) = ni(e(S)*@(S)) > o . 

By density, it follows that Q,2{T*T) > for all T E Q. So, VL2 is a positive functional on Q. 
Since ^(l) = 1, we conclude that ^2 is a state on Q. 

Denote ir : M -)■ B(i? ®^ 2 (r)) : 7r (&®ii 9 ) = fr® X g and note that 7r (x)® 1 = ^(x® 1(g) 1® 1) 
for all x E M. From (pTSj) and ([51?]) . we get that 

^2(^0 (^) ® 1) = t(x) , Vx E M and 2 (*(« ® u ® it ® «)) = 1 , Vu E Mm (A) . (3.14) 

By the Hahn-Banach theorem, we can extend O2 to a functional on B(ff ®£ 2 (T)®^ 2 (r)) without 
increasing the norm of f^- We still denote this extension by O2. Since ||^2|| = 1 = ^2(1); 
we get that the extended 0,2 is still a state. Since the state Q2 equals 1 on the unitaries 
^(u ®«®u®ti), u E Mm (A), we get that 

Q 2 (S^(u<S> u® u® u)) = ^2(S) = 9,2(^(u®u®u(3u)S) 

for all S E B(H ® £ 2 (r) ® £ 2 (r)) and all u E AA M (A) . (3.15) 

Define the state Q E B ® B(^ 2 (r)) given by 0(5") = ^(S" ® 1). Since (1 ® M op ® P op ® P) 
commutes with B ® B(£ 2 (r)) ® 1, it follows from (|3.15|) that £1 is a 7To(A/Af(^4))-central state 
on B ® B(^ 2 (r)). From ([513]) . we get that Q(7T (x)) = r(x) for all x E M. 

We claim that Q is actually 7To(P)-central. Fix S E -B ® B(^ 2 (r)). Since o 7ro = r, it follows 
from the Cauchy-Schwarz inequality that 

\n(S7r (x))\ < \\S\\ \\x\\ 2 and \n{7r (x)S)\ < [|5|| ||x|| 2 for all x E M . 

So, the set of x E M satisfying Jl(S7To(x)) = ^(^(x)^) is a || • || 2 -closed vector subspace of 
M, Since it contains Mm (A), it also contains P = Mm (A)" '. This proves the claim that f2 is a 
7ro(P)-central state. 

The inclusion ttq : M — > B ® B(£ 2 (r)) is canonically isomorphic with the inclusion M C 
(M, eB(gi). So, we have found a P-central state on (M,eB<g,i) whose restriction to M equals r. 
This means that P is amenable relative to B ® 1 and concludes the proof of Theorem 13.11 in 
case 1. 
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3.5 Proof of Theorem 13.11 in case 2 

Take 5± > and take a subset JcT that is small relative to Q and that satisfies 

limsup ||(l®Pj-)£n|| > 5i . 

n 

Since J- is small relative to Q, we have that J- is contained in the union of m < oo subsets of 
T of the form goSo^o with go, ho G F and So G Q. Putting 5 = 6i/m, we find go, ho £ T and 
So G <5 such that 

limsup ||(1 ® -P go s /i )Cn|| > 5 • 

n 

Put S = /i ~ 1 So/io and denote by J-"o the singleton {goho}- Replacing (£ n ) by a subnet it follows 
that Fo is a finite subset of Y satisfying 

liminf IKlOP^E^nll >S. (3.16) 

n 

We will show that A -<m B ® LS, using an argument inspired by the proof of [C SU1H Lemma 
6.2]. Since S is a conjugate of So it then also follows that A -<m B ® LSo- Since So G G, this 
will conclude the proof of Theorem 13.11 in case 2. 

Assume that A -^m B ® LS. We will deduce below that for any finite subset To C T and any 
5 > satisfying ()3.16f) , there exists a larger finite subset T\ C T such that 

liminf ||(1 ® > \/2<f . (3.17) 

n 

Take an integer such that 2 k / 2 5 > 1. Iterating the above procedure /c times, we find a finite 
subset Fk C T that satisfies the absurd statement 

1 = lim ||£n|| > liminf ||(1 ® P^ E )£ n II > 2 fc/2 5 > 1 . 

n n 

So it remains to find a finite subset 7i CT satisfying (|3.17p . 
Following [CSUlll Formula (6.9)], we first claim that 

limsup ||tt(x)(1 ® Pjr v)£ n \\ < \T \ \\x\\ 2 for all x G M . (3.18) 

n 

To prove this claim it suffices to check that for all g G T and x G M we have 

limsup ||vr(x)(l ® P ff s)^ n || < ||x|| 2 . (3.19) 

n 

First observe that 

1 ® P ff s = 7r(l ® %)(1 (8) Ps)vr(l ® u*) . 
It then follows that, writing y = (1 ® u*)x*x(l ® u ff ), we have 

|K(x)(l ® P 9 e)£„|| 2 = ((1 8) P S )vr((l ® u* g )x*x(l ® ® P E )vr(l ® u*)£„,7r(l ® u*)£n> 

= ((1 ® P E )vr(P^ LS (y)(l ® u*))£„, tt(1 ® 
= ||(l®P s )vr(P^ LS (y) 1 /2(i^ n *)) eri ||2 . 

Using ()3.ip . we conclude that 

limsup ||vr(x)(l ® P ffS )£ n || 2 < \\E Bms (y) 1/2 (l ® "^lla = = bill • 
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This establishes (|3.19|) . Hence also the claim (|3.18p follows. 
Because of (|3.16p we can take e > such that 



limsup||C n -(l®PF s)Cn|| < \A - S 2 - s . (3.20) 

n 

For every x G M we denote by x = X^ 5 er( x )ff ® with G B, the Fourier decomposition 
of x. We claim that there exist a G and v £ B (g>aig Cr such that 

||o — f [| 2 < -pp-r and (v) 5 = for all g G J-oSJ 7 ^ 1 . (3-21) 
Kol 

To prove this claim, first take a G ^(^4) such that 

H^WlsU 1 ® ^M 1 ® Mft))|| B < , f. [3 for all g,h & J-q . 



This is possible by our assumption that ^4 7^ -B ® LS. For any subset FcTwe also denote 
by 1 <X> Pf the orthogonal projection of L 2 (M) onto the closure of span{6 ®u g \b£B,g£F}. 
So we have chosen the unitary a G U(A) such that ||(1 (g) -PgE/i-OWIh < £" / ( 3 1 1 3 ) for all 
g, h G Jo- It follows that ||(1 P SJ7 _i)(o)|| 2 < e/(3|J r |). Choose a' G B ® alg Cr such 
that ||o-a'|| 2 < e/(3|J r |)- It follows' that ||(1 ® P FoEJ ._i)(a')|| 2 < 2e/(3|J r |)- Defining 
u := a' — (1 ® P 7 - oS ^._i)(a / ), the elements a G W(j4) and v £ B (g> a i g Cr satisfy claim (|3.21|) . 

From (|3.2p . we know that lim n ||£ n — 7r(a*)0(a op )^ n || = 0. In combination with (|3.20p it follows 
that 

limsup U n - 9(a)Tr(a) (1 Pfqs)^!! = hmsup |Ka*)% op )£ n - (1 ® Pf s)U| 



= limsup ||e„ - (1 ® Pjr E)^n|| < Vl-S 2 ~ e . (3.22) 

n 

Since ||a — u|| 2 < e/l^oli it follows from (|3.18p that 

limsup ||7r(o - v) (1 <8) Pr oS )£ n || < e . 

In combination with (|3.22|) . we get that 



limsup \\i n - 9{a)n{v) (1 ® PF oS )£ n || < - <5 2 • (3-23) 

Define the subset S C T given by 5 := {g G T | (i>) g 7^ 0}. Since v £ B ® a i g CT, the set 5 
is finite. Since (v) g = for all g G J^SJ^ , we get that S n J-qYiJ 7 ^ 1 = 0. This means that 

Note that 0(a) = a ® 1 commutes with 1 ® Pf e- Hence 

0(a)7r(u) (1 8) Pf oE )£„ = (1 ® Pt e) 0(a) £n 
lies in the range of 1 ® Psj^e fo r all n - It then follows from (|3.23|) that 



limsup \\U - (1 ® P 5 Jbs)Cn|| < V 7 ! - 5 2 • 

n 

This means that 

liminf ||(l®Psj- E)Cn|| ><J. 
n 

We put J 7 ! := STo U J^. Since iST^E is disjoint from .FoE, the vectors (1 ® Psj" s)£n and 
(1 ® Pr s)Cn are orthogonal. So in combination with (|3.16|) . it follows that (|3.17p holds. As 
explained right after (|3.17p . this concludes the proof of Theorem 13.11 in case 2. 
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4 Proofs of Theorems ED, [□} ES and [TTB] 



Proof of Theorem li.il Let T = Ti x • • • x T n be a direct product of n > 1 weakly amenable, 
nonamenable, bi-exact groups Tj. Take an arbitrary free ergodic pmp action T r\ (X, ju). Write 
B = L°°(X) and M = B x T. Let A C M be a Cartan subalgebra. Because of [PoOH Theorem 
A.l], it suffices to prove that A -<m B. 

Denote by Tj the direct product of all r, with j ^ i. Put Mi := B x Tj. Fix i = 1, . . . , n and 
view M as M = Mj x Tj. Because r, is nonamenable, we have that M is not amenable relative 
to Mj. So, Theorem 13.11 implies that A -<m Mi for all i = 1, . . . ,n. Since we know that M is 
a factor, that A C M is regular and that A -<m Mi for all i = 1, . . . , n, it follows from [ValO, 
Proposition 2.5 and Lemma 2.6] that A -<m B. 

By Lemma [231 the groups in 1, 2 and 3 are weakly amenable, nonamenable and bi-exact. So, 
the theorem applies to these groups and their direct products. □ 

Proof of Theorem \l-4\ Take M = B xi T and A C qMq as in the formulation of the theorem. 
Put P = MqMq(A)" . By Theorem 13. H we have that P is amenable relative to B, or that 
A^ M B. □ 

Proof of Theorem \1.5[ Put M = iVtgiLr and assume that A C M is a Cartan subalgebra. Since 
r is nonamenable, M is not amenable relative to N. So Theorem 13.11 implies that A -<m N. 
Taking relative commutants, it follows from [Va071 Lemma 3.5] that Lr -<m M Pi A'. Since 
M n A' = A and since T is nonamenable, there are no normal *-homomorphisms from Lr to 
an amplification of A. Hence the statement Lr -<m A is absurd. □ 

Proof of Theorem \1.6l Using e.g. [ValO I Proposition 2.5], we find projections p, G Z{P) such 
that Api -<^ M ByiFi and A(q—pi) yi, B x T{ for all i = 1, . . . , n. Of course, some or even all of the 
Pi could be zero. Define po = q — (jp\ V • • • Vp n ). We consider the subalgebra Apo C poMpo whose 
normalizer is given by Ppo- By Lemma [2 .81 the group T is bi-exact relative to Q = {Ti, . . . , T n }. 
By construction, Apo B X Tj for alH = 1, . . . ,n. So, by Theorem 13. 1\ we have that Ppo is 
amenable relative to B. □ 



5 Proof of Theorem 11.31 

We first prove the following more general result. 

Theorem 5.1. Let A = Ai X • • • X A n be a direct product of 1 < n < oo weakly amenable, 
bi-exact groups. Assume that T is a measure equivalence subgroup of A through an action 
r x A r\ O as in Definition \2.b\ Then, at least one of the following statements holds. 

(1) r is C s -rigid and C-rigid. 

(2) There exists an i G {1, . . . ,n}, a nonnegligible (T x K)-invariant subset &o C 0, and a 
sequence of measurable maps £ n : — > Prob Aj such that 

]imM n ((g,s) • x) — Si • ^ n (x)\\x = for all g G T, s G A and a.e. ie!lo. 

n 

Moreover in the following two special cases, statement (2) has a simpler equivalent formulation. 
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(a) If also the fundamental domain ofTrxQ. has finite measure (i.e. V and A are measure 
equivalent) , then statement (2) is equivalent with the amenability of one of the Aj. 

(b) Assume that the Aj < Gi are lattices in the second countable locally compact groups Gi 
and assume that V < G = G\ x • • • x G n is a countable closed subgroup. If we take SI = G 
with the action of V x A rx Vt given by left right multiplication, then statement (2) is 
equivalent with the image of V in one of the Gi having an amenable closure. 

Note that Theorem 11.31 is a direct consequence of Theorem 15.11 Case 1 of Theorem 11.31 follows 
immediately by using (a) in Theorem 1 5. II To prove case 2 of Theorem ll.31 we choose cocompact 
lattices Aj < Gi. Then all Aj are non-elementary hyperbolic groups. So, by Lemma 12.41 au Aj 
are weakly amenable, nonamenable and bi-exact. So case 2 of Theorem 11.31 follows by using 
(b) in Theorem 15.11 

Proof of Theorem \5.1\ Choose a free ergodic pmp action T rx X. Put M = L°°(A) x T and 
assume that A C M is a maximal abelian von Neumann subalgebra whose normalizer Nm(A)" 
is a finite index subfactor of M. From [PoOl} Theorem A.l], we know that A is unitarily 
conjugate with L°°(A) if and only if A -< M L°°(X). We will prove that either A -< M L°°(X) 
or that (2) holds. 

We denote the commuting actions r rx S7 and A rx S7 as actions on the left, resp. on the right, 
and denote these actions by a dot -. Choose a fundamental domain Well for the action r rx SI 
and choose a fundamental domain V C S7 for the action A rx tt. So, up to measure zero, we 
get partitions 

Q = |J g . V and G=[_\U-s . 

ger seA 

Since tl is of finite measure, we may normalize m such that m(U) = 1. 

We identify fi/A = U. Through this identification, the natural action r rx SI/ A becomes a 
pmp action T rxU that we denote by * to distinguish it from the action r rx SI denoted by • . 
We then get the 1-cocycle uj : T x IA — > A for the action T rxlA such that 

g ■ x = (g * x) ■ u)(g, x) for all g G V and a.e. x £ U . 

In particular, for g £ V and a.e. x £U, we have co(g, x) = s if and only if g ■ x € U ■ s. 

Define the tracial von Neumann algebra A^ := L°°(A xU) x T, where T acts on X xV( diagonally. 
We view M as a von Neumann subalgebra of A^ in the canonical way. For every g G T, we denote 
by V g G L°°(ll) (g)LA the unitary given by V g (x) = v u / g)X y Here we use the notation (w s ) se A to 
denote the canonical unitaries in LA. We then get a normal trace preserving *-homomorphism 

A: N^N®LA: A(au g ) = (au g ® l)V g for all a G L°°(A x U),g G T . 

We put Aj := A^ <g> LAj and identify A^ <g> LA = Aj^LAj. As such we view A^ <S) LA as the 
crossed product of Aj and Aj w.r.t. the trivial action of Aj on Aj. Since Aj is weakly amenable 
and bi-exact, we will apply Theorem 13.11 to this crossed product. 

Denoting P = Nm{A)" ', we distinguish two cases. 

Case 1. For alH G {1, . . . , n} and all nonzero projections p G A(P)' n (N ® LA), we have that 
A(P)p is not amenable relative to Aj. 

Case 2. There exists an i G {1, . . . , n} and a nonzero projection p G A(P)' n (N eg) LA) such 
that A(P)p is amenable relative to Aj. 
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We prove that in case 1, we have A -<j\/ L°°(X), while in case 2, there exists a sequence £ n 
satisfying the conditions of statement (2). 

Proof of case 1. It follows from Theorem 13.11 that A(A)p -< Aj for all i G {1, . . . , n} and all 
nonzero projections p £ A(P)' n (N <8> LA). So, using e.g. [ValOl Proposition 2.6], we get that 
A(A) V N® L(Aj) for all j 6 {1,... ,n}. But then A(A) V N ® 1 ( see e.g. [ValOl Lemma 
2.7]). 

For every subset J- C A, we denote by Pj- the orthogonal projection of £ 2 (A) onto £ 2 (J-). We 
similarly denote, for every subset T' C T, by Pjn the orthogonal projection of L 2 (M ) onto the 
closed linear span of {bu g \ b £ L°°(X),g £ J 7 '}. Choose e > 0. We now prove that there exists 
a finite subset J'cT such that 

\\Pr{a)\\l > l-2e for all a £lA (A) . (5.1) 

Once (|5.1|) is proven, the required conclusion A -<m L°°(X) follows from Definition 12.11 
Since A(A) -<■' N 1, we get from [ValOl Lemma 2.5], a finite subset T C A such that 

||(1 <8> JV)A(o)||l > 1 — e for all a G U(A) . (5.2) 

For every a G M, we denote by a = J2 g er( a )g u g^ with (a) ff G L°°(AT), the Fourier decomposition 
of a. A direct computation yields 

\\(l®Pr)A(a)\\l = J2\\(a) 9 \\l m{{x£U\co(g,x)£T}) . (5.3) 
<?er 

Note that uj(g, x) £ J- if and only \i g ■ x £lA • T . Since IA C SI has finite measure and T r\ 
admits a fundamental domain, there exists a finite subset J'cT such that 

m({x £ U | x) £ J 7 }) < e for all g £ T - T' . 

A combination of (j5.3[) and (j5.2j) then yields f)5. 1[) . This concludes the proof of case 1. 

Proof of case 2. Since P is a finite index subfactor of M, Lemma 12.21 provides a projection 
q > p such that q £ A(M)' n (N (g) LA) and such that A(M)q is amenable relative to Aj. 
Write N := (A r (g) LA, e^). We get a A(M)g-central positive functional on qMq such 
that ^i(x) = t(x) for all x G q(N ® LA)q. We identify A/" = JVj ® B(f 2 (Ai)). As such, 
we view h°°(U x A;) = L°°(£Y) (g) ^°°(Aj) as a von Neumann subalgebra of A/*. The unitaries 
A(u 9 ) G A/ - , 5 G T, normalize L°°(U x Aj) C M and induce the action r a W x A, given by 
5 • (x, s) = (g * x,uj(g,x)i s). The formula ^(F) = *$>i(qFq) then provides a nonzero positive 
r-invariant functional on L°°(U x Aj) such that the restriction of ^ to h°°(U) is normal and 
r-invariant. 

Denote by W C U the support of ^il 00 ^)- Then, W is a nonnegligible T-invariant subset of 
U. Modifying \& by using the r-invariant Radon-Nikodym derivative between ^l^w) an d 
integration w.r.t. m, we may assume that ^\l°°(w) equals integration w.r.t. m. Approximating 
^ G L°°(W x Aj)* by a net of elements in L 1 (W x Aj) + and passing to convex combinations, 
we can find a sequence of measurable maps ip n : W — > Prob Aj such that 

lim \\ip n (g * x) — uj(g,x)i ■ ip n (x)\\i = for all g£T and a.e. xGW. 

n 

Define := W • A. Then, is a nonnegligible (V x A)-invariant subset of Vl. Defining 
^ : rio — > Prob Aj given by £ n (x • s) := s~ ■ tpn(x) for all x £ W and s £ A, it is easy to check 
that 

lim \\£ n (g ■ y • r" 1 ) - n ■ ( n (y)\\l =0 for all g £ T, r £ A and a.e. y £ £l . 
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So, we have shown that (2) holds. This concludes the proof of case 2. 
It remains to prove (a) and (b). 

(a) If Aj is amenable, take a sequence rj n G ProbAj such that lim n \\s ■ rj n — T] n \\i = for all 
s £ A;. Defining £ n (x) = rj n for all x G O, it follows that (2) holds. Conversely, assume that 
the sequence £ n : Oo — > Prob Aj satisfies (2) and that also m(V) < oo. Identifying r\0 with V, 
we get a right action of A on V, denoted by *, and a 1-cocycle /i:VxA->T such that 

y ■ s = fj,(y, s) ■ (y * s) for a.e. y G V and all s G A. 

Consider the action A rx V x Aj given by s ■ (y, t) = (y* s -1 , Sit). Since Oo C is nonnegligible 
and (r x A)-invariant, also Vflflo is nonnegligible and invariant under the *-action of A. The 
restriction of £ n to V n Op defines a sequence ( n G L X ((V n Oo) x Aj) + with ||Cn||i = m(V H Oo) 
for all n, that satisfies lim n \\s ■ Cn — Cn\\l = for all s G A, by the dominated convergence 
theorem. The push forward of Q n along the factor map V x Aj — > Aj : (y, r) i— > r, then provides, 
after rescaling, a sequence r/ n G Prob Aj such that lim n ||s • r\ n — r\ n \\ = for all s G Aj. So, Aj 
is amenable. 

(b) Assume that O = G = G\ x ■ ■ ■ x G n as in statement (b). When x G G, we denote by Xj 
the i'th component of g. First assume that we have a sequence ^ n : Oo — > Prob Aj as in (2). 
We consider the action r rx U x Aj given by g ■ (x,s) = (g * x,co(g,x)i s). As in the proof 
of (a), U n Oo is nonnegligible, invariant under the *-action of T on U, and the restriction of 
£ ra to U n Oo defines a sequence ( n G L 1 ((^/ H Oo) x Aj) + with ||Cn||i = m(U n Oo) for all n, 
that satisfies lim n \\g ■ Q n — C, n \\i = for all g G T. The push forward of Q n along the factor 
map U x Aj — > Gi : (x,s) h-> XjS, then provides, after rescaling, a sequence of unit vectors 
r/„ G L x (Gj) + such that lim n ||^ • rj n - %||i = for all 5 G T. Denoting 7Tj : G -> Gj : ^(5) = ft, 
it follows from Lemma 15.21 that vrj(r) has an amenable closure inside Gj. 

Conversely, assume that the closure H of 7Tj(r) in Gj is an amenable locally compact group. 
Then the action Aj rx H\G{ is amenable in the sense of Zimmer. So, we find a sequence 
of measurable maps ip n : H\Gi — > Prob Aj such that lim n HV'n^ • s) — s _1 • ^ n (x)||i = for 
a.e. x G H\Gi and all s G Aj. We view ip n as a sequence of //-invariant measurable maps 
ip n : Gi — > ProbAj. Defining £ n : G — > Prob Aj : £ n (x) = ip n (xi), statement (2) is satisfied. □ 

For the convenience of the reader, we include a proof of the following standard, but slightly 
technical, lemma. 

Lemma 5.2. Let G be a second countable locally compact group and Hq < G any subgroup. 
Assume that L°°(G) admits a state that is invariant under left translation by all elements of 
Hq. Then the closure of Hq is an amenable locally compact group. 

Proof. Let u be a left HQ-mvaxmYit state on L°°(G). Denote by H the closure of Hq inside G. 
Since G is second countable, we can take a Borel map T : G —¥ H satisfying T{hg) = hT(g) 
for all h G H, g G G (see e.g. [Ke95l Theorem 12.17]). Consider the Banach space LUC(iT) 
of bounded left uniformly continuous functions on H. Then, fi : f 1— )■ uj(f o T) is a state on 
LUC(-ff) that is invariant under left translation by Hq. By continuity, \x is invariant under left 
translation by H. So, LUC(-fT) admits a left invariant mean. This implies that H is amenable 
(see e.g. |BHV08l Theorem G.3.1]). □ 
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6 An application to W*-rigidity 



Recall that an ergodic pmp action T rx (X, [/,) is called aperiodic if all finite index subgroups 
of r still act ergodically. Following [MS02, Definition 1.8] an ergodic pmp action A rx (Y,rj) 
is called mildly mixing if there are no nontrivial recurrent subsets: if A C Y is measurable 
and liminf^oo rj(g - AAA) = 0, then r/(A) = or rj(A) = 1. Note that for a mildly mixing 
action A rx (Y, rj) all infinite subgroups of A act ergodically on (Y, rj) . Finally, a pmp action 
ri x T2 rx (X, fj,) of a product group is called irreducible if both Ti and T2 act ergodically. 

Proof of Theorem \1.7\ Since T is a product of hyperbolic groups, Theorem 1 1 . 1 1 applies . So the 
existence of an isomorphism L°°(X) x T = L°°(Y) X A implies that T rx (X, /i) and A rx (Y, rj) 
are orbit equivalent. Since non-elementary hyperbolic groups belong to the class C reg of Monod 
and Shalom, it follows from [MS02} Theorem 1.10] that the groups T and A must be isomorphic 
and that their actions must be conjugate. □ 
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